
978-1-7281-5751-1/20/$31.00 ©2020 IEEE

Analytical Formulation of Bubble Entropy for Autoregressive Processes
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Abstract— Bubble Entropy is a recently proposed entropy
metric, that is almost free of parameters. Up to date, only
an operational formulation of Bubble Entropy was available.
In this paper, we derived analytical formulations of Bubble
Entropy for embedding dimensions m ≤ 3, when the time
series is generated by a stationary Gaussian autoregressive
process. Such formulations match with the estimates obtained
using Monte Carlo simulations. The study allows to further
investigate the mathematical properties of Bubble Entropy on
stationary autoregressive processes.

I. INTRODUCTION

Entropy measures have been widely used across many
scientific fields to quantify uncertainty in time series. In
particular, among the most common estimators, Approxi-
mate Entropy [1] and Sample Entropy [2] found relevant
applications in Heart Rate Variability analysis (HRV). Such
methods rely on the selection of two parameters, i.e., the
embedding dimension m and the distance threshold r. The
former defines the dimension of the space in which the time
series is embedded, whereas the latter sets the minimum
distance below which pairs of embedded vectors are taken
to be similar. The selection of m and r has been found to be
critical, and the estimates may significantly depend on these
parameters.

In the past years, alternative entropy metrics have been
proposed to reduce the dependency on the parameters. For
example, Bandt and Pompe [3] introduced Permutation En-
tropy, based on the rank of embedded vectors. More recently,
Citi et al. proposed Rank Entropy [4], which was based on
the amount of shuffling of the ranks of the distances between
the corresponding elements of two vectors of length m.

In this context, Manis et al. [5] introduced Bubble Entropy
(bEn), as an attempt to have an entropy “almost free of
parameters”. While still showing a limited dependence on m,
bEn has successfully eliminated the need of the parameter
r. In addition, bEn showed a larger resilience to spikes
[6] (typically present in HRV data) than Sample Entropy,
and displayed a high discriminating power in distinguishing
congestive heart failure patients from healthy subjects [5], or
in identifying fetuses with abnormal pH at birth [7].

Despite its remarkable properties, only an operational
formulation of bEn is available [5]. In this work, we derived
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an analytical formulation of bEn for m ≤ 3 in case of
a stationary Gaussian Autoregressive (AR) process of any
order.

II. BACKGROUND ON BUBBLE ENTROPY

Given the time series x = x1, x2, . . . , xN of length N , and
the dimension of the embedding space m, a time lagged m-
dimensional space is constructed using the embedded vectors
Xj = (xj , xj+1, . . . , xj+m−1), with j = 1, . . . , N −m+ 1.
Then, for m ≥ 2, bEn is expressed as

bEn =
(
Hm+1
swaps −Hm

swaps

)
/ log

(
m+ 1

m− 1

)
, (1)

where Hm
swaps is the Rényi Entropy of order 2,

Hm
swaps = − log

(m2 )∑
i=0

p2i , (2)

and pi is the probability of having i swaps when ordering Xj

using the Bubble Sort algorithm (e.g., in ascending order). pi
is usually estimated using the normalized histogram of the
number of swaps throughout all the vectors Xj .

III. ANALYTICAL FORMULATION OF BUBBLE ENTROPY

Let us consider a stationary Gaussian AR process, defined
as x[n] = −

∑M
i=1 aix[n− i] +w[n], where M is the model

order, ai ∈ R, and w[n] is a White Gaussian Noise (WGN)
with zero mean and variance σ2

w. In an AR process, any
embedded vector Xj follows the Multivariate Gaussian Dis-
tribution N (0,Σm), where Σm is the m×m autocovariance
matrix of the AR process.

For brevity, we here only report the derivation of the
analytical formulation of bEn for m = 2. First, to compute
H2
swaps, we consider a two dimensional embedding space,

where every Xj has two dimensions, say x1 and x2. In this
case, p0 = p(x1 < x2) = 1

2 and p1 = p(x2 < x1) = 1
2 .

Similarly, to calculate H3
swaps, where every Xj has three

dimensions (x1, x2 and x3), each pi is given by the sum of
the probabilities of all the combinations of x1, x2 and x3
which require i swaps to sort the sequence. Hence,

p0 = P (x1 < x2 < x3),

p1 = P (x1 < x3 < x2) + P (x2 < x1 < x3),

p2 = P (x2 < x3 < x1) + P (x3 < x1 < x2),

p3 = P (x3 < x2 < x1).

Such probabilities can be computed by integrating the Mul-
tivariate Gaussian Distribution N (0,Σ3) within the proper



space region. For instance, the following probability

P (x1 < x3 < x2) =

∫ ∞
−∞

∫ ∞
x1

∫ ∞
x3

N (0,Σ3)dx2dx3dx1,

can be analytically computed through a change of variable.
Indeed, P (x1−x3 < 0∧x3−x2 < 0) = P (n1 < 0∧n2 < 0)
and using the following linear transformation[
n1
n2

]
=

 1√
2(γ0−γ2)

0

0 1√
2(γ0−γ1)

[1 0 −1
0 −1 1

]
︸ ︷︷ ︸

B

x1x2
x3

 ,
where γk = E [x[n]x[n− k]] is the correlation at lag k, we
obtain the quadrant probability of a Multivariate Gaussian
Distribution, as follows

P (n1 < 0 ∧ n2 < 0) =

∫ 0

−∞

∫ 0

−∞
N (0,BΣ3B

T )dn1dn2

=
1

4
+

arcsin r12
2π

,

with r12 = −
√
(γ0 − γ2)/(γ0 − γ1)/2 being the correlation

coefficient between n1 and n2.
When m = 3 the procedure can be adapted accordingly,

as H4
swaps can be computed in the same way (but, as stated

above, we do not report it for brevity). However, an analytical
formulation for the quadrant probability do not exists for
H5
swaps [8] and, therefore, analytical formulations for bEn

with m ≥ 4 cannot be obtained.
The derivation above is valid for any model order M . For

an AR process of order 1, x[n] = −a1x[n − 1] + w[n], the
value of bEn, for m = 2, assumes the compact analytical
formulation

bEn =
log π2 − log

[(
arccos 1−ρ

2

)2
+ 4
(
arcsec 2√

1+ρ

)2]
log 3

,

where ρ = γ1/γ0 = −a1. When ρ = 0, the bubble entropy of
the resulting WGN is bEn = (log 9− log 5)/ log 3. For ρ→
1, the AR process tends to a non-stationary long-memory
random walk, for which bEn = log 2/ log 3.

IV. DISCUSSION

The analysis shows that bEn is independent from the
variance of the input w[n]. This result is expected since
sorting is independent from the variance of the time series.

Figure 1 displays the analytical values of bEn for a
stationary Gaussian AR process of order 1 with m = 2 and 3,
which agree perfectly with the values obtained via numerical
simulations. Numerical values, obtained with Monte Carlo
simulations are presented for m = 7 and 10 (common
values for Permutation Entropy [3] and bEn [5]). The Figure
confirms that bEn depends only marginally on values of
m > 3 (values for m = 7 and 10 are nearly indistinguishable
for γ1/γ0 > −0.6). In addition, bEn grows monotonically
with increasing positive values of correlation (a typical range
for healthy HRV). For negative values of correlation, the
behaviour varies when m is odd or even. While this requires
further investigations, preliminary analyses suggest that it
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Fig. 1. Analytical bEn for m = 2 and m = 3 (bold lines), and numerical
values for m = 7 and m = 10, for any AR process of order 1. The shaded
area shows the average ± standard deviation of bEn, computed over 1000
Monte Carlo simulations with series of 1000 samples. Analytical values
and average estimates overlap.

might be due to combinatorial phenomena, in particular
when γ1/γ0 approaches −1. Of note, the largest value of
bEn is not reached for WGN, but for AR(1) processes with
some degree of autocorrelation and therefore, some degree
of predictability. Other entropy metrics, such as Sample
Entropy, behave differently and display a symmetrical be-
haviour with respect to positive and negative values of γ1/γ0
and are maximal for WGN. Thus, bEn does not strictly
match the traditional definition of entropy as the degree of
unpredictability of a time series (it is not an entropy rate
by construction). This might explain why it offered better
discrimination performances in [5], [7].

To conclude, we showed how to derive analytical values
for bEn in case of stationary Gaussian AR processes, for
m ≤ 3. Such solutions allow to investigate the mathematical
properties of bEn and may advance the study of entropy
measures applied to HRV.
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